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ABSTRACT
Accelerated life testing of a product is cominonly used to

estimate parameters of devicaes with oxtremely long lifetivmes., The
problem of analyzing accelerated life tests when the product can
fail from any one of p independent causcs is considered. For cach
componant it is assumed that the time to failure distribution is
exponential with a hazard rate which follows a "power rule." The
method of maximum likelihood is used to obtain estimators of the
power rule parameters when the life test is either type 1, type |1,
or, proaressively censored. FEstimators of each component's mean
failure time and survival function ave obtained. F®Estimators of
system or subsystem survival functions are also obtained. Rosults
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of a siinnlation study are presented, - —
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1. nivoduction
Aocelerated life testing of a product is often used Lo
obltain inforwation on its performance under normal use condit o,
Such testing involves subjecting test items to conditions wore

cxXtreme than usuvally encountered in normal use. This results in

decreasing the item's mecan life and reduces test time and costs,

e estimates obtained at these scvere conditions are extrapolat.ed

to normal use conditions. This procedure is swnnarized in Chaptoer

. 9 of Mann, Schafer, and Singpurwalla (1974).
Little work has been done on analyring accelerated life

b Lo ‘teasls when an ittem can fail from any one of scveral distinct
causes. Suppose an item consists of p components sach that the
faltare of any one component causes the item to fail. For each
item data consist of the time at which the item fails and know-
lodge of which component failed. fThe problem is to estimate the
) patameters of the failure distribution of cach component at normal

use conditions from data collected in an accelerated life test.

When there are data dat use conditions only, this problem has been

considered by David and Moe:. hberger (1478), and Klabfleisch and

feontice (1980). Nelaon (1474) has considered the acecelerated

'

tost preblem with compiing visks for normal populations.

Formally, let Vl""’vs be s stress levels at which the

acerlerated life test is conducted. At stress Vi' let xij denote

“he Vifotime of the Jrh component, J = 1,...,pP i=1,...,s.

acee that the coaponent Tife Tengths are independent and cach

Tifetime is exponentially distiributed with survival function

P(,\(_Lj Yy : Pl '4-:<p(~)‘.1jx), %
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Assume that the stress and component life distribut.ons are rol.atod
by the power rule molel,

B.

I j
xij exp(Aj)Vi ' (1.2)

where Aj' Bj are constants to be estimated from the accelerated
life test.

In Section 2 the method of maximum likelihood is used to ob-
tain estimates of Aj and Bj for various censoring schemes. 1In
Section 2.1 type I censoring is considered, Section 2.2 considers
type 1II censoring, while Section 2.3 discusses progressive
censoring.

The estimators of Aj and Bj obtained in Section 2 are used
in Scction 3 to obtain estimators of component mean survival time
under normal use conditions. Confidence intervals and reduced
bias ecstimators of these parameters are also obtained. Estimates
of the component survival function and system survival function
are obtained. The problem of estimating system life when a group
of components are recdesigned to increase reliability is also
considered.

In Section 4 results of a simulation study are presented.

2. Maximum Likelihood Estimation of the

"7 77 Power Rule Paramcters

L.et Vl, V2,..., Vs be the stress levels at which the accel-
crated life test is to be conducted. At each stress level we
assume that the item survives until ore of its p components fails.

Toex ¥ "’Xip denote the life lengths of the p components

Xi1r Xio0-

of an item on test at stiress Vj. SLssume that the Xij's are




independent exponential random variables with hazard rate (1.2).
B.

Ms o=V 3 exp(A), 3 = Li.oups 1= 1,000s. (2.1)

For an item put on test at stress Vi we observe

Yi = minimum (Xil""’xip) and an indicator variable which de-

scribes which of the p components failed. The method of maximum

likelihood is used to find cstimators of Aj and Bj for various

censoring schemes.

At cach of the s stress lecvels, ni items are put on test,
i =1,...,8. Testing is continued until some fixed time T
These Ti's may be different for each stress level to allow for
increased testing time at low stresses. Such a testing scheme is
a type I censored accelerated life test.

At stress Vi suppose r, items have failed prior to time

T,, i-=1,...,s. Let Yi Y

i "Yir denote the corresponding

1!
i

failure times. That 1is, Yik = mln(xilk, Xi2k""'x

i2’ "

ipk) where Xijk

is the lifetime of the 3" component of the kP item which failed

prior to time T, at stress Vi’ j=1,...,p, k = 1,...,ri, ;
i=1,...,s. Let mij denote the number of items which failed due i
P i
to failure oi component j, j = 1,...,p. Note that r, = % mij. .
3=1 |
Define the total time on test by
r.
1 v
Ti = {_Yik + (n, - ri)T., 1 =1, /D (2.2)
k=1
[]
The likelihood function of interest is :i: . .2 icn .zl to the

e . P tevel.




s pom, .
Ll | 0 1dexp(-r..T)) (2.3)
i=1}3-=1 1] 1j 1

Interchanging the order of multiplication we see that L factors
into the product of p likelihoods, one for ecach component. That

is,

p
L « 7 L. where

j=1
(2.4)

s mij
L. « H A exp(—kijTi), i=1,...,p.

H J l‘—l l]
Hence, it suffices to maximize each component likelihood Lj indi-
vidually. The resulting maximum likelihood estimators, (Aj, Bj)
will be asymplotically independent of (Ak, Bk) when j # kas all nj .
The likelihood cguations are

- s ) (s B
A, = 8n|l Z m,.}) - an{ £ T,V, r 3 =1,...,p. (2.5)
) <i=l ) i=1 t 7} )

(2.6)

M

Bj can be obtained by solving (2.6) numerically using the Newton-
Raphson procedure. Clearly Aj is determined by (2.5) once Bj is

found.

From (2.4), the second derivitives are found to be

B.

S
J. = - J A ] =
2 .?lTiVi (up(Aj), J 1,....,p, (2.7)




5
GzﬁnL s B.
R TiviJpr(A.)cnvi, J o= 1, .. .p, (2.8)
§A. 0B, i=1 J
p!
and
dzfnLj s Bj 2
N .% I‘ivi cxp(Aj)(h1Vi) e J = 1,000,p. (2.9)
AB ., 1=1
]
To find the information matrix, note that Yik has an expon-
p
nential distribution with hazard rate Ai = & Xij'
il

Writing, E(Y;) = E(Yiklzik = 1)P(25, = 1) + B(&'”\_|z.lk = 0)P(Z,, = 0),

whie Z. = j . L= j L > T, it o0 > shos
vhore le 1 5f Yik < T aind Zlk 0 if Ylk Ty it can b hown
1

}’ o - ‘he e = . o - - i = .
that L(Pi) niﬂi/ki where Hi exp ( Air ), 1 1,...,s

i
is the probability an item will fail before time T The inverse

of {he information matrix is

[~ T
s A..n.l s A,.n.01. Anv,.
Al lonvy? 3 234
1=1 X, 1 i=1 A,
1 i i
Zj T D, s A,.n, I s A..n.n
Jol-x 23 loav, r 3
. 1 N
h].*l Al l‘l )‘1 o
where
S S A..A,.n.n 0.1
D, = ¢ ¢ AIXKITKATK, v an(V/V ), 3= 1,...,P. (2.10)
b ik LA 1 .
17k
From David and Mocschberger (1978) note that the mrximum
m, . r.
likelihood cstimator of A, . is 1) and of A, is .. A consistant
. 1] Ti 1 T.

ot imgtor of Ej is




D DA

b -

[ ¢ 2 _ 3
X mi.(in Vi) ) m. tnv
i=1 M) i=1 M) ' |
L. o= A |
3 b s s i
j |-z mi.lnvl r m.
i=1 *J i=1 M
where
~ s s
D. = 27Zm,.m_.fnvV, &n(v,/v.}), 3 =1,...,p. {(2.11)
3 Ak ij k3 1 1"k
2.2 Type II censoring
For type IT censoring festing cont inunes nntil, a preassigned
number of failures is observed. At cach sitress level, Vi'
i=1,...,s, ng iteins are put on test. Let Yik denotie the failure
. th . . ) . _ .
time of the k item put on test, that is, Y, = min (Xijk)

j=1,...,p

where xi'k iz the life length of the jth component of the kth item

put on test at stress Vi' j=1,...,p, k = l,...,ni, i=12,...,5.

For this testing scheme, testing at stress Vi continues until a

preassigned number, L of items has failed. Let Yi(l)""'Yi(ri)

be the ordered failure times of the r.1 fa‘lures. TLet mij denote

*he number of items which fail due to failure of component

j, 3 =1,...,p. For type II censoring the total time on test is

E kilyi(k) ¥ (ni - ri) Yi(r.l)’i =1l,...,8. (2.12)

The likelihood function of interest for type II censoring is iden-
tical to (2.3) with ’I‘i as in (2.11). lence, Aj and Bj can be ob-
tained as in Scction 2.1,

To find the inforration natrix, note that the second deriva-

tives of Lj are as in 2.7, 2.8, and 2.9. Fence




IV, In(v./Vi), 3= 1,0 (2.03)

‘“he maxinum l1ikelihood esitimators of Ai and Aij are
-~ )nl.- . -~ fi
\.j = ,f] and Xi Fp respectively.  Substituting these values
i . .
i i

in (2.12) the wmaxtmun Tikelihood estimator of )jj is obtained.
This estimalor is given by (2.11).
2.3 Progressive Cons)ging

Proyressive censoring is a useful scheme to reduce test
time and cost while still including some observations with extreme-
ly long life times. TIn this scheme, at several fixed times some
fixed muber of items are removed from study. This scheme is dis-
cussed in Cohen (1963) for the case of normal and exponential data
from a population with a single failure mode when there is not an
accelerated life test.

At stress level Vi' i =1,...,s suppose that Ni items are
put on test. Censoring will occur in M, stages. At times
Til’ ri2""'TiMi-1 a fixed nunber roy itemms are reroved {rom
the accelerated life toest.

At time Tim the test 1is either terminated with a 1andom

i
Laher g items still functioning or a fixed nunber L items
4y i
are 1-roved. We assume that N.1 is sufficicntly large so that




there is at lecast rik’ k = 1"'°'Hi items surviving to 1ine Tik 1o
he censored.  Tet mij be the nmumber of items which fail dae 1o

p
failure of component j, j =1,...,p, and, lect n, - L m,. be the

j:1
total number of failures. TLet Yil""’Yin be the failure i{imes

i
f . fai . i - L= omi . S ¢ whe ..

of the ng ailures As before, Ylk mln(Xllk, 'lek) shore lek
is the lifetime of the jth component of the kth item which fails
at stress Vi' j=1,...,p; k = 1,...,ni, i =1,...,8s. For this

scheme the total time on test is defined by

n, M.
i i
T. = L Y., + L r.,t.., 1 =1,...,s. (2.14)
S I S

As before it can be shown that the likelihood of intcrest is as in
(2.4). The maximum likelihood cstimators of Aj and Bj as well as
the sccond derivatives are as in Section 2.1.
For this censoring scheme the information matrix and an
estimator of the matrix are obtained in the Appendix.
3. Estimation of population parameters at use conditions

Suppose an accelerated life test has been conducted by one

of the censoring schemes discussed in Section 2. Let A. and B.

] J
he the maximum likelihood estimators of Aj and Bj' jy = 1,...,p.
.et
(3) {(3)
q.
11 %2
L. = . ‘ (3.1)
) (i3) (3)
[of Iy
12 22
He the inve rse of informat on ratrix obtained “rom (2.10), (2.72) or

A.10. Let Tj be the corresponding cestiiitor of :j obtaincd from




(2.11), A.11, or A.12, Based on this infurviaat ion we wish to
estimate cach component's mean survival time and survival funclion
at the use conditions. TIn addition we shall ebtain estimators of
the survival function for the cntire systom of conponents or a
subsystem of components under use conditions,

Let Vu denote the strees under use conditions.  Tet xuj and

qu denote the hazard rate and wean survival time at this stross.

By (2.1)
%5
uj = Vu eprj, j =1,...,p (3.2)
and
_B]
uuj = \/L1 o.\:p(-Aj), j = 1,...,p. (3.3) 4

By the invariance principle of maximum likelihood cstimators the

maximum likelihood estimators of )\uj and uuj are ‘
Bj ~
uj = v, exp(Aj), i=1,...,p. (3.4)
and
N —Bj -
Uyy = Vi exp(wAj),j =1l,...,p, (3.5)

respectively. For lTarge sample sizes at all the stress

levels , (/A\j, éj) are asymptotically bivariate normally

distributed with mean vector (Aj, Bj) and variance )Ij, j=1,...,p.
Since in;uj is linear in Aj and Bj' it has an asymptotic normal d
tuti o withomooan fn AL el var lance
;2 _ . (3) . (), n .(j)F 3.6
Tui T Tar t Tpz UnVYF 20,50 InVy,. (3.6




-~

.

Similarly, Cn quis asymptotically normal with ican Qn)hljand
. 2
variance ©

By using the properties of the log normal distribution one
can show that asymptotically

~

2
"y . = . q . 1 = . e 3.7
Eliyy) = vy exp(05/2) 0 3 = 1,.o0p (3.7
: . and the mean sgquared error of Wyy is (R(qu - qu)'> s
T
) % m.s.e.(; ) o= uz.[exp(ZGZ.) - 2 exp(oz./?) 1}, 3 =1 .. P
: uj uj a7 uj ' ! T
with similar cxpressions for Au From {(3.7) we sece that an
unbiased cstimator of uuj is
B u . exp(=02/2), 3 = 1....,p (3.9)
uj uj =’ aj’ ot e
which has wcan squared error

.2 2, ..
m.s.e.(uuj) = uuj(exp(ouj) 1), 3 = 1,

OZ

{(3.10)
3 in (3.9).

e, P
which is always smaller than the mean squared error of My
is unknown a reduced bias estimater of 'R is obtained by substitut inr

Since G::
Similar results hold for ecstimating Auj’
The asymptotic normality of Rnuuj can be used to construct
(1 - a) x 100% confidence intervals for “uj' These are
(qu

exXP (=2 20u5) s Hyy P2y 0,50 3= 1,..0p (3.11)
where Zl_a/ﬁ is the 1 - a/?th percentage point of a standard noreal

o 3 o= 1,..

random variable. A similar interval can be obtained for )u
Let Fu . (t)
P

(3.8}

3"
exp(-txuj) be the survival function of curnonent

j(t)
uj(t) =

The aximum likelihood ¢:stimator of ﬁu

is
exp(—tku

J)It >_ 0'

j=1,...,p. (3.12)
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An approximate 100 x (1 - «}% confidence intoerval for Fuj(t) K]
given by

N explZy /2% . exp (= 2y _4/2%;]

buj(t) , kuj(t) J=1l,...,p. {3.13)

lLet K be a subset of 1,...,p of cardinality K. We arec
interested in obtaining estimates of

N i+ (K) - = (3.14)
S-\- }u (t) = 1 Fuj(t),

je K
the survival function of an item which can fail only by the failure
of cumpunents imdexed by K. vMen K o= {1,...,p} this is the sur-
vival function of an item of interest. VWhen K is a proper subset
of {1,...,p} then (3.14) cepresents the survival function of an
. item which has been redesiuned so that those components indexed by
| K~ can not fail or have extremely long lifetimes.

From (3.12) the maximum likelihood estimator of fJK)(t) is

FL e = nF ). (3.15)
jek W
An approximate (1 - a) x 100% confidence interval for fJK) is given
by
~exp(o .2 ~exp(- 0. .2,)
( nE POy B” D B ) (3.16)
jek Y jek ¢
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This is a conservative interval in the following sense. From (3.13),

(1L - a) = Fuj(t) ifuj(t) < F

2 Tij(e)

Since (fij(t), fuj(t)) are asymptotically independent for j # 37,

" cxpl(z, o ) B _ exp(- 2,0 .)
1 - o = P(Fuj(t) bruy’ o Fog(t) < Fa(e) B7UI"; for all jek
_ exp(z2.0 .) _ (K) N exp(- 2,9 )
<p( 1 F ;o) BujiFu (t) < T F_.(t) B uj)
jek M jek ¥4I

4. Simulation Study
A simulation study was conducted to compare the effectls of
censoring on the estimation procedure. A two component series
system of independent exponential components was used. An acceler-

ated life test was conducted at 3 stress levels, V1 = 10, V2 = 15,

vy o= 20, At cach stress level the observations were gencerated from
an exponential distribution with hazard rate Aij' i=1,...,3

j = 1,2, where Aij 1S given by (1.2) with Al = -1, Bl =1, A2 = -3,
and Bz = 2 throughout the study. The values of Aij' and nj = P

(component j fails first) are given in Table I for Vl' Vz, V3 and a

usage stress of 5.

Table 1
A ‘i Aio " ",
5 1.8394 1.2447 5964 .4036
10 3.6788 4.9787 11249 5751
15 5.5182 11.2021 -3300 6700
20 7.3576 19.9148 2698 .7302

For cach censoring scheme 500 repetitions of the accelerated

Tife Lost were performed.  Maximum likelihood estimates of Aj, and

1/p ~ exp(Z,0 .) B exp(~- z,0 )
p( B uj 8“3), for j=1,...,

n,




B., j
j ]

f Scheme

Scheme

Scheme
Scheme

Scheme

Scheme

:1'2

discussed previously.

by appropriate expression.

a use stress of 5 were calculated.

II1 -

v -

v -

were found by using the Newton-Raphson procedure

cstimator its estimated mean (standard error), cstimated bhias

A"\ ' Kolmogorov-Smirnov test for normality for each component. The

folloewing censoring schemes were used:

complete failure times on all items, sample sizes

ni:ZO,i=l,2:3-

complete failure times on all items, sample sizes

n. =10, i =1, 2, 3,
i

type II censoring n, = 40, r. = 20, 1 =1, 2, 3.
type II censoring, n, = 40, r, =10, i =1, 2, 3.
type I censoring at the same fixed point n, = 40,
i=1, 2, 3, Tl = .08, T, = .04, T3 = .025,

E(r;) = 19.989, E(rz) = 19.507, E(r3) = 19.772.

type I censoring at the same fixed point n, = 40,

i=1, 2, 3, Tl = .03, T2 = .017, T3 = .010,

E(rl) = 9.15, E(rz) = 9.89, E(r3) = 9.55.

Both maximum likelihood and reduced

Tables 2-~7 report for cach

The estimated covariance matrix was found

bias estimators of the component hazard rate and mcan survival at

(|Rias]/sStandard ervor), cstimated variance, and the P-value of a

Several conclusions may be drawn from the study. First the
asyrptotic normality property of the m.l.e. estimators ap;-:rs 10
id for ihe s ome e ate canrle sises. Seconaly, the reduled

R

cla
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estimators xuj and fuj perform as expected when the ostinmated
variance was used. Finally, the asymptotic unbiascdness of the
maximum likelihood estimators scems to be reasonct le for these

moderate sample sizes.

5.

. Dependent Rishg

The assumption of independence of the timns to failure of
cach component made in the previous scections can e replaced by
the assumption that the failure times of the item follow a
Marshall and Olkin (1967) multivariate exponential distribution.
For this model simultancous failures of scveral components is
possible. Here there are 2P - 1 possible failure modes which
represent system failure from the simnltancous failures of any
subhset of vomponents. FEach of these failuve modes is augsumed to
have a time to occurrence distribution given by 1.1 with hazard
rate 1.2. At use conditions the survival function of the time to
failure distribution of a particular component can be cstimated

as in the previous section.




__.,w . _
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Appendix. Calculation of the information matrix
for progressively censored data
The distribution of the total time on test Ti given by

(2.13) depends only upon the distribution of the minimum of p
lifetimes of the components which is exponential with parameter
Ai. To simplify the notation we shall suppress the subscript

i which refers to the stress level under consideration. The
problem is to calculate the expected value of the total time on
test T given by

n M
ilYi + iilriTi. (A.1)

Let fi hbe the number of items which fail in the interval

=1,...,M where TO = 0. Let Si be the sum of the

fi failure times of those items failing in [Ti—l' Ti), i

[Ti_llTi) '
= 1I'001I‘1'

=1,...,M. We consider

Let Fi =1 - cxp(—kri) and Fi =1 Fi' i
two cases.

Case 1. ry fixed

J . "

s i i > = - .
Suppose r, is fixed so that fM+l N iil(rl

fail in the interval (Tm, ®). Cohen (1963) shows that

+ f.) items
1

E(f;) = (A.2)

where ﬂ1+1 = 1.




I R TAEIT -  — c

To find E(5,) let Y, _,...,Y. be the failure times of the
i il 1fi
fi items which fail in the interval [Ti-l' Ti), so that
f.1 '
S, = LY, fOI‘i=1,--.,M.
1 K=1 1K
f.
3 ]

E(S;) = EE( LY  If.) (A.3)

K=1

= E(fiE(Yilhi_l <Y< Ti)'
N
N Now, given that Y.11 fails in [Ti—l’ Ti) the conditional expectation
' is
T.
i Sy
b(Yillti__l <Yy, <Ty) o= . yre "Yday/(F; - F._4)
i i-1 (A.4)
" = Ty P T AGE HFy - By g )AF; - Fyg).
Combining A.2 and A.4 by A.3 we sce that

Fy B
NLX— - lel) for 1 =1
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and
M
N - I r,
-1
E(T) = -— - = —, (A.7)
A
Case 2. rpy random
As in Case 1 the E(fi) is given by A.2 for i =1,...,M and
E(S;) is given by A.5 for i = 1,...,M. It remains to find E(rM).
Note that
M M~1
rM =N - I fi - I r, .
i=1 i=1
Hence
M M-1
E(r,) = N- I E(f,) - EZ r.,
M i=1 i=1 1
which is, from A.2,
M-1 ri _
E(r,) = (N - I =)F., . (A.8)
M 4 = K
i=1 F.
i
Combining A.2, A.5, and A.B we obtain
N -ATM M-1 —A(TM -1y
E(T) = =11 - e - r.ll - e . (A.9)
A P §
l._
A

The information matrix of interest for the accelerated life

trst, using the notation of Section 2, is
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s 2 s
.. (enV,)E(T.) - L X,. fnvV, E(T,) (A.10)
i=1 ) * t i=1 *J ool
1
T, = =~
D,
) J
s S
-z Ai. n ViE(T.) £ A..E(T.)
] i=1 M) t i=1 0
whore
v D, = 2L A, A, E(T.)E(T, ) ¢nV, &n (V,/V ), j =1,...,P
f'$»¥ j 1K 1} 1K i K i i TR
’ and E(T,) is given by A.7 or A.9.
To estimate Zj one can show that for both i fixed or ran-
~ m. .
dom the maximum likelihood estimators of Aij and Ai are ., = T?l
~ n, 3
and A, = —a, respectively. Hence when Lo; is fixed the maximum
: 1 Ti 11
likelihood estimator of Ej is
s 2 s
5 mi.(RnVi) - Z mi.FnV1
i=1 *J i=1 *J
r. = 7\1‘ (A.ll)
J b,
3
s s
-IZm.,, nvV I m..
i=1 3 . j=1 I
where
Dj = Ef}‘i mijmiK SLnVi Rn(\li/VK),j =1,...,P.
When rM is rapdom the maximum likelihood cstimator of Zj is
i
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S m.. - 2 S ml ~
r ol E(n,) (2nV;) -3 ?J‘ E(n,)tnV,
i=1 %4 i=1 "4
T, = W (A.12)
J b,
3 S mi- ~ S mi‘ ~
. -z - E(n;)nV, g -2 E(n,)
i=1 "1 i=1"1
where
~ mijmgi ~ ~
' D. =L L -2~ E(n.YE(n )nV, &n(v,./Vv,)), 3 = 1,...,p
. 3 i#K n,ny 1 K 1 i’ 'K
AN
,\‘-}.
and
- A ~ Mi"’l ~
— - - - - v —- - -
E(ni) = Ni(l exp ( kiTM')) z rig(l exp ( ki(TiM. Tiz))),
i =1 i
i=1,...,s.
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Table 2

Censoring Scheme I

Compronent I Component 2
9 True N Tyue | V7 Y )
Nl Value Noxr- Value Nor-
S of Mean Rias var mal of Mcan Bias var ral
, Para- Para-
metoer nmeter
A -1 ~1.0207] .0207 [ 4.523 .996 -3 -3.0762| .0762 |2.6367 1.0
. (.02531) (.22) (.0726) (.98)
B 1 1.00470 L0047 006 .870 2 2.0277] .0227 . 3586 1.0
-~ - (.365) (.13) (.0268)] (1.04)
VA 4.2543 4.5557] .3013 11.%499 .0001 {2.3750 2.4445] .0695 . 1439 L0001
a (.0556)) (5.42) (.0170)| (4.95)
v(EK) .6143 .6599] .045%6 .0359 . 0001 .3232 .3322] .0090 .0023 L0001
~ . (.0085)( (5.31) (.0022)] (4.20)
VOB, A)]-1.6073] -1.724 .1166 .2324 .0001 | -.8714 -.8964! .0249 .0181 0001
~ (.021)5)} (5.42) (.0022) (4.15)
T .6094 .5962] .0132 .6959 .672 .2189 .1873 .0315 . 4500 1.0
M (.0373)| (.35) (.03) (1.05)
A 1.8394 2.5703] .7309 {6.6902 .0001 | 1.2447 1.511 .2663 {1.3211 .0001.
M (.1157)| (6.32) (.0514)| (5.18)
A 1.8394 1.8275] .0119 | 3.414 .0001 {1.2447 1.2389] .0058 .9315 . 0001
W (.0827] (.14) (.0432) | (.1336)
uu .5437 . 7902 .24066 .8392 .0001 .8034 1.0363] .2329 .5737 L0001
N (.0410)f (6.02) (.0339)| (6.88)
Uu .5437 .5366 .0071 .3293 .0001 .8034 .8293 .0259 .3385 L0001
5 (.0257) (.28) (.026) (.995)
Ou .6717 .7158 .0440 .0362 .0001 . 3891 .4197 .0306 .0051 .0001
(.0085)] (5.18) (.0032)] (9.59)




Table 3
Censoring Scheme 11
Coinponent 1 Covponont 2
i .'_['1' U‘(? T _-]_ D T -'fi:lle ] 77777 T B '

. | Value oy - \‘u'll:le i P - ‘
h e ! " of Moan Bias Var ral 5. Of rhan Fias Var 1 l
- | rara- ' I :17'-'1‘ : ‘

1 et er 1 b B ‘ oo ley ' i
! “ ll ! i :
I A -1.0 -1.132| .132 [9.6796 | .9%68 -3 -3.0195) .o19s! 4.8315] .138 !
! R (.1393) (.95) (.0983) ! (.2) [
I B | 1.0 1.0374 .0376 | 1.4061 | .880 [2.0 2.0179| .0179| .cuse| .91 |
AR (.0531)] (.71) (.0363) | (.49) | |
Pveay 8.s087 10,169 | 1.6603 26.2856 | .0001 [4.750 4.9798| .2298) 1.1670| .00l
PN (.2293) (7.24) |(.O483) (4.76) l
V(B) | 1.2287] 1.4701{ .24141 .5195| .0001 | .6464 6774} .0310} .0188! .00l
iA . (.0322)f (7.27) (.0061)1 (5.08) ;
r (B, A)-3.2150 |-3.8444 | -.6294 { 3.6331 | .0001 k1.7430 L1.8270 L0840 .1470] 0001
Lo (.0852) (7.39) (.0171){ (4.9) ‘
FQRY .6094| .5379% .0715{1.5162 [ 1.0 .2189 | .2281 .00921 .81981 .79 |
R (.0051) (1.30) (.0409) | (.22) !
Y 1.8394 | 3.6161 | 1.7767 | 43.6677] .0001 {1.2447 |1.8955 .6508! 5.2024 .Ouvli
| u (.2958) (6.01) (.1020) | (6.38)
Y 1.8394 | 1.7695| .0699 | 9.8243] .0001 |1.2447 |1.2822 0375 2.4488| .onol
b (.1403) (.95) (.0700) | (.54)
' U .5437] 3.1513 | 2.6076 {2004.65 | .0001 | .8034 |1.2741 .47071 5.8434 .0001!
: u (2.0043)] (1.3) (.1081)| (4.35)
} ;u .5437] .4e47; .0790 .3368] .0001 | .8034 | .7718 .0316] 1.1955 .w301'
IS (.0259) (3.05) (.0489){ (.65) |
|l 1.3435] 1.6023| .2588 | .07748] .0001 | .7780 | .8536 L0756| .0413f L0M01
' (.03937) (6.52) i (.0091)| (8.31) :
' B 1. .1 : ! c . I !




“Frie

Value
of

Para-

rotoer

4.2544
.6143
-1.607

.6094

1.8394
L5437
.5437

6717

Conpenerit 1

Mcan

L9954

289)

L9962

.0377)
.6473
.0603)

.6742

.0090)
.7599
.0231)

.5597

—~ e~ N e~

.0390)
.5647
.1230)
.8173
265

L8409

.0449)

L5594

L0239 )N

.7287

L0090 )

T

able 4

Censoring Scheme 111

L7107

1.8201

.0401

L2661

.7641

7.5631

Norx-
mal

.97

.38

.0001

.0011

.0001

.73

.0001

. 0001

.0001

.0001

.0001

Velae
of
Para-
metey

-3

2.375
.3232
-.8714
.2189
1.2447
1.2447
.8034

.8034

.3891

:

| TR T T

-

Component 2

M2An Bias

3.1052 .1052
(.0661)}(1.59)
2.0236 .0236
(.0245) (.97)
2.421 .0457
(.0160)} (2.86)

. 3289 .0057
(.002) (2.85)
-.8877 .0161
{.0056)1 (2.86)

.1517 .0672

.0273 | (2.49)
1.3966 .1519
(.0399)) (3.806)
1.1446 .1000
(.0335)¢{ (2.859)
1.0351 2317
(.0306){ (7.57)

.8320 .0286

.0236)| (1.21)

.1458 .0266
(.0038) (8.87)

Var

2.1859 |
L2991
1279
.0020
.0159
.3721
.7971
.5594
.4985
.2790

.0046

Ker=

RIS

1.0

1.0

L0002

001

L0016

1.0

L0001

.00M

LU001

000l

.Gu0l




Table ©
Censoring Schome IV
Component 1 Cunpunant 2

Crde T T T T T e T |

“‘i Value Value o :

3 Nor~ [N !

i of Mean Bias Var mal of Mcean BRias Var vl

Para- Para- i

ERRVEES 4 meler )

A ’ |

A ~1.0 -1.3776] .3776{10.4405] .59 |-3.0 -2.976 .024 | 4.9545 1.0 !

R (.1445)] (2.61) 0995 | (.24) !

B 1.0 1.0822] .o0822f 1.4731 1.0 2.0 1.9608{ .0392! .c78 .84

DN (.0543)f (1.51) (.0368){(1.06) |

} v(a) |8.5087 h1.2201 | 2.71141109.119] .0001| 4.750 | 4.9610{ .211 | 1.348 .0001!

C A (.4070)] (5.81) (.0519)(4.07) !

V(B) |1.2287}1.6055 .3768} 1.8410{ .0001{ .6464| .6752] .o288| .0211| .0001

A A (.0607)| (6.21) (.0065) (4.43) i

V(B, A)-3.2150 }4.2206 | 1.0059{ 14.0076{ .0001{-1.743 |-1.8206| .0776{ .1675| .0001 !

! ~ (.1673){ (6.01) (.0183)(4.24) i

LnA .6094 | .3641 .2453] 1.718 .2607] .2189| .1797} .0392| .8416| .909 |

N (.2653)] (4.34) (.0410) (.96) i
: > 1.8394 | 3.0967 | 1.2570{35.1877| .0001| 1.2447{ 1.8137{ .5690]| 5.437 .0001 | !
: ~ (.2653) (4.34) (.1040)(5.47) l |
oo 1.8394 | 1.4905 .3488] 7.2648] .0001} 1.2447) 1.2413| .0037| 2.873 .0001 i
b (.1205)] (2.89) (.0758) (.05) | :
I .5437 { 4.7719 | 4.22821 4159.18] .0001| .8034f 1.2994| .4960! 2.464 L0001 ! i
' M (2.8840)| (1.46) (.0702) (.71) ! !
by .5437 ] .5566 0129 .7334] .oo001{ .8034] .8017{ .0013| .7480! .00l i
5 (.0383)] (.34) (.0387) (.03) | i
o ] 1-3935}1.7932 .0497| 3.7343] .oco001| .7780| .8500{ .0720{ .0407| . n0i. |

(.0864)] (.58) (.0099) (7.27) ; |

J AU B PN AU SO 155 DR RSN VU SO |




: o True
Volne

’ of

Para-

-~

A 1.0

b8 1.0

V(&) |4.1700

VI EB) .6031
] ]v(ﬁ. al-1.5765
‘ ~
Inx . 6094
3 u
. A 1.8394
u
X 1.8394
nu
i u .5437
. u
' u .5437
b u
o .6740
u

meter

Component 1

Mean

(.0109)] (6.77)
SUNSRNS SRS S

Bias

Table 6

Censoring Scheme V

Var

-1.1598 .159814.5%657

(.0956)| (1.67)
1.0425 .0425) .6496
(.0360)] (1.18)
4.7316 .5616! 2.1913
(.0662)1 (8.47)
.6830 L0799} .0455
(.0095)( {8.41)
-1.7873 .2108]) .3109
{.0249)) (8.46)
.5181 L0913] .7411
(.0385){ (2.37)
2.3313 .4919{ 3.2589
{.o867)} (5.67)
1.6728 L1666 2.1204
(.0651) (2.56)
.9100 .3663]1.514
(.0550)] {6.66)
.5807 .0370} .4070
(.0285)] (1.30)
.7478 .0738 .0592

———

Nor-
ral

.862

.947

.0001

L0001

.0001

770

L0001

L0001

.0001

.000)

.0001

SR

T S
CQ;I.L’L)!A"nt 2
Truz ]
Yalue Noe-
of Moan Bias Var wal
Para-
roteyxy 3 ; ]
-3 ~3.0257) .02571 2.7150 ) .45
(.0737% (.35) !
2 2.0064( .00641| .37137 .973
(.0273) (.23)
2.13a56| 2.4813] .o0957! .02331 .oom
(.0233) (4.11) (
.3249) .3377) .ol28] .oo4s) .oo001
(.3030) (4.26) §
~.8757{ ~.9104| .0347] .0348| .nanl |
{.0083) (4.18) {
.2189} .20361 .0153| .4622 L5846 )
(.0304) (.50} i
1.24471 1.5240 .2793{1.1280 L0001 |
{.0475) (5.88) !
1.2447}) 1.2561 .0114 | .8315 .0p01
(.0407] (.28)
.8034Y .9100{ .1066{1.5137 Lounl
(.0550] (1.93)
.8034] .8231} .0197} .4377 LoDn}
(.0296] (.67)
.4084] .4254( .017 | .0094 .00
(.0043] (3.95) ‘
ST N S S 1

e L L L T e 4-541
— e e N
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Table 7
) Censoring Scheme VI
Corarraone it 1 Component 2
. e e 7O T T I
b . ]
A ! Clge } Value ] N
ot : | or Nor- of wor- oy
: T Moan Hias Var al o Vean Bias var wai o
\ ! Tara- Para
! ! L ' et e !
| | e - i | jometer o I .
e 1
i A 1-1.0  [-1.311s) L3ans{o12.522f .11s | -3 -3.1109 .1109! 6.1581 .1760.
- C.1ve3 (1.97) (.1110){ (1.00) '
| B 1.0 1.0715)  .ons| 1.7539 .218 | 2 2.0223 .0223(.8292 6622
ba (.0592) (1.21) (.0407)} (.55) ‘ (
fveR) 8.9209[13.3062{ 4.4363(181.617| .0001| 5.1163 5.9371 .8208] 6.8142 0001
| A (.6027) (7. 36) (.1167)] (7.03) |
tV(B) 1.2809| 1.8959| .6150] 2.9164 .0001 .69390 8018 .1079! .1079 .0001{
| A (.0764)] (8.05) (.0147)} (7.34) !
Iviog,8)|-3.3588]-5.0066|-1.6478] 22.7434 .0001 | -1.8744-2.1709 .2965| .8511 .00011
‘ A (.21331(7.73) i (.0413) (7.18) !
L on .6094| .4130| .1964| 2.074] .025 .2189 .1439 .0750] 1.0688 .010
! o ! 06447 (3.05) (.0422) | (1.78) |
i A 1.8393] 3.4528! 1.6135 41.705]{ .0001 1.2477( 1.7861 .541412.8247 .OOO]]
! N (. 2688) (5.59) (.0752){ (7.20) |
{ ) 1.8393] 1.5791 L2602 6.953j L0001 1.2477, 1.4876 .05711.49%911 O()Ol‘
| A" (.1179)(2.21) (.0546){ (1.05) |
. 4370 5.4206] 4.8769 ]1580.64 ] .0001 .8034} 1.7481 .9447119.2456 1 .0001!
| (1./78)](2.74) (.1962)] (4.81) i
I ' .5437] .4394| .0943{ .6336] .0001 .8034] .8089 .0055) 1.1809; .0001!
P ns (.0356)| (2.65) (.0486)| (.11) l !
Pt 1,4362[ 2.1619 .7253] 6.6171| .0001 .8804! 1.0262 .1458] .2453; .0001l
| (.1150) (6.31) (.0221)] (6.63) l )
1




